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A locally presentable category 6 is the category of models of some 
theory F which can be described using a-limits, for a regular cardinal a. 
Our aim is to find conditions which ensure good properties of the category 
d of models: when is 6 Cartesian closed? When is d a quasi-topos? When 
is d a topos? and so on. In this paper, we focus our attention on some 
semantic conditions. 
A locally a-presentable category 8 can thus be presented as the category 
of cc-left exact presheaves on a small category $9 with a-colimits. Clearly, 
each subpresheaf S of an E-left exact presheaf F has an a-left exact closure 
SC F. This closure operation plays a key role in the theory of a-left exact 
functors and we study, first, conditions on dz~Lex(%?) which ensure the 
universality of that closure operation. We prove this universality to be 
equivalent to the universality of strongly epimorphic families in &, but also 
to the fact that a-Lex(%‘) is an epireflective subcategory of a Grothendieck 
topos. This Grothendieck topos will play an important role in the rest of 
the paper; its construction depends heavily on the fact that, under our 
assumptions, a-left exact subpresheaves are stable under arbitrary inter- 
sections, from the point of view of the internal logic of the topos 4 of 
presheaves. 
Among the epireflective subcategories of a Grothendieck topos, we find 
the categories of separated objects for a given topology in this topos. These 
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categories are in fact quasi-toposes, as noted by P. Johnstone (cf. [ 111); let 
us call them “Grothendieck quasi-toposes,” A Grothendieck quasi-topos 2 
is thus certainly a locally presentable locally Cartesian closed category (i.e., 
2/X is Cartesian closed for every X in 2, which is equivalent to the univer- 
sality of colimits in 2). It was an open problem since 1979 to know if those 
two conditions characterize exactly the Grothendieck quasi-toposes. We 
give a negative answer to the question, producing an “elementary” counter- 
example due to J. Adamek and J. Rosicky and a quite generic counter- 
example based on the existence of toposes with non-standard arithmetic. 
But we give also a complete characterization of Grothendieck quasi- 
toposes as those locally presentable locally Cartesian closed categories 
where strong equivalence relations are effective. Clearly, this is equivalent 
to being a locally presentable quasi-topos. 
We are very much indebted to P. Johnstone whose comments helped 
improve the quality of this paper. 
1. PRELIMINARIES ON EXACT FUNCTORS 
Let %? be a small category with a-colimits, for some fixed regular cardinal 
CI. We write cr-Lex(%) for the category of contravariant presheaves 
F: %F + Sets which apply an cc-colimit on an u-limit; we call these 
presheaves “a-left exact.” They are exactly the a-filtered colimits of 
representable functors. Moreover the category a-Lex(V) is reflective in the 
topos @ of all presheaves and we write E: @ --f cc-Lex(V) for the correspond- 
ing reflection (cf. [GUI). We want to emphasize the following well-known 
proposition. 
PROPOSITION 1.1. Let %? be a small a-cocomplete category. The Yoneda 
embedding 
97 -+ a-Lex(%?); c t-+ %?-, C) 
preserves arbitrary limits and a-colimits. 
Proof: The preservation of limits is obvious. Now if C = colim Ci in %‘, 
a cocone 
(Pi: vt-2 Ci) *FL., 
in a-Lex(V) on the corresponding diagram corresponds by the Yoneda 
lemma to a compatible family (bie F(Ci))IE,, thus to a unique element 
bE F(C) of the limit FC= lim FC,. By the Yoneda lemma again, we obtain 
the required factorization p: %?(-, C) *F. 1 
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The following criteria for a-left exactness is sometimes useful. 
PROPOSITION 1.2. A presheaf F: V + Sets is cc-left exact when, for every 
cx-colimit C= colim Ci in $?, the canonical morphism 
F(colim Ci) + lim F( C,) 
is surjective. 
ProoJ: Via the Yoneda lemma, this implies immediately that the 
canonical diagram of representable functors over F is c+liltered. So F is 
cc-left exact as an cAiltered colimit of representable functors. i 
It is a common mistake to think that for a given presheaf P, the univer- 
sal reflector P + EP identifies two elements x, JJ E P(C) precisely when there 
exists an a-colimit C = colim C, in %? with the property P(s,)(x) = P(s,)( y) 
for each canonical injection s,. Let us give a counter-example. 
When E is a locale, the previous condition is clearly satisfied by every 
separated presheaf on %?. But an cc-left exact presheaf F can just take the 
values ~5 and (*} since for every element C of the locale %‘, the codiagonal 
V: C II C + C is an isomorphism. 
Here is the correct characterization. 
PROPOSITION 1.3. Consider a presheaf P on %? and its universal reflection 
qp: P+ EP in a-Lex(‘%‘). Two elements x, YE P(X) are identified by Y]~,~ 
precise1.y when there exists an rx-colimit C = colim Ci in E with the properties 
Ck = X= C,, sk = s, (the corresponding canonical injections), for two indices 
k and 1, and there exists also a compatible family x, E PC, along this diagram 
such that xk = x and x,= y. 
ProoJ P can be written in @ as a colimit P= colim g(-, Ci) of 
representable functors and EP is just obtained by computing the same 
colimit EP = colim %‘-, Cj) in cr-Lex(%Z). But this colimit can be written as 
the cc-filtered colimit of all the partial colimits of all the cr-subdiagrams. 
Now for an g-colimit C= colim C, in %?, we know that %‘(-, C) = 
colim %‘-, Ci) in cc-Lex(w) (Proposition 1.1). So the result follows easily 
from the pointwise construction of x-filtered colimits in a-Lex(%?). 1 
It should be noted that the previous proof gives in particular an explicit 
description of the reflection E(P). 
Now given an cc-left exact presheaf F and an arbitrary subpresheaf SE F, 
the intersection 3 of all the x-left exact subpresheaves which contain S 
produces the a-left exact closure of S in F. It is another common mistake 
to think that 3 can be obtained from S by repeating cx times the following 
process: 
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l choose C = colim Ci an a-colimit in %‘; 
l choose (X~E S(Ci))ie, a compatible family along the corresponding 
diagram; 
l the unique element x E F(C) which restricts to the xi’s has to be 
added to S. 
In fact, this construction does not produce a presheaf, except in some 
special cases, for example when a-colimits are universal in %7. The correct 
construction is 
(1) S,=S; 
(2) for every ordinal IZ, S, + I(X) is the set of all elements F(f)(x), 
where 
l f:X-+Cisanarrowin%?; 
l C = colim C, is an a-colimit in %; 
l for every i, F(.Y,)(x)E S(C,), where si is the ith canonical 
morphism of the colimit; 
(3) sn= urn<, S, for a limit ordinal n, where the union is computed 
in the category @ of presheaves. 
It is then an easy matter to check that each S, is a subpresheaf of F and 
s= u,<, sn. 
In the locally presentable category cc-Lex(%?), every morphism f: F + G 
factors as a strong epimorphism followed by a monomorphism (cf. [S]). 
The corresponding image I is just the intersection of all the cc-left exact sub- 
presheaves of G through which f factors; by definition of the left exact 
closure operation, we have therefore: 
PROPOSITION 1.4. In a-Lex(%?), the factorization strong-epimorphism, 
monomorphism of a morphism f: F -+ G is given by 
F+f(F) *G, 
where f(F) denotes the image in the topos $? of presheaves and (-) denotes 
the a- left exact closure operation. 
COROLLARY 1.5. A morphism f: F-+ G in cc-Lex(g) is a strong 
epimorphism precisely when G is the cc-left exact closure of f(F) in G. 
COROLLARY 1.6. If f: F--f G is a morphism in @ with G a-left exact, the 
cc-left exact closure f(F) of ,f(F) in G is also the image in a-Lex(W) of the 
corresponding morphism E(f) : E(F) --f G. 
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Proof: Consider the image factorization I of the canonical factorization 
E(F) + f(F); I is a subobject of G through whichffactors, so Zgf(F). 1 
It should be noted that in the case of a monomorphism F t+ G in 4, with 
G cc-left exact, the cc-left exact closure F of F in G is not isomorphic to EC, 
because E does not respect monomorphisms. 
Now let us recall that a family (f,: F, -+ F),t, of morphisms in cx-Lex(‘3) 
is a strongly epimorphic family when the corresponding factorization 
II Fi -+ F is a strong epimorphism. It is an easy matter to check that 
strongly epimorphic families inherit the classical properties of strong 
epimorphisms as far as composition and cancellation properties are con- 
cerned. 
It follows immediately from the previous corollaries that: 
PROPOSITION 1.7. If (f, : F, + F);, i is a strongly epimorphic family in 
z-Lex( %‘), then 
F= ;ii, fifFi)> 
where f;(F,) denotes the image off, in the topos @ of presheaves and the 
union is computed in %?. 
2. ON THE UNIVERSALITY OF THE a-LEFT 
EXACT CLOSURE OPERATION 
The a-left exact closure operation on subpresheaves of an a-left exact 
presheaf F, as defined in Section 1, is not universal in general. As usual, 
universality means that given a subobject St, F and an arrow f: G -+ F 
with SE@ and G in cr-Lex(%‘), the equality f -i(S) = f -i(S) holds. In this 
section, we want to investigate conditions on a-Lex(V) which force the 
universality of this a-left exact closure operation. 
PROPOSITION 2.1. If the exact closure operation is universal, then strong 
epimorphisms are universal in cz-Lex(V). 
Proof Let f: G -+ F be a strong epimorphism and g: F’ -+ F an 
arbitrary morphism in cc-Lex(W). Consider the pullback f’: G’ -+ F’ off 
along g. By Corollary 1.5, f(G) = F and therefore f ‘(G’) = F’, which means 
that f’ is a strong epimorphism as well. 1 
PROPOSITION 2.2. If the left exact closure operation is universal, then the 
stronly epimorphic families are universal in a-Lex(W). 
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Proof First we show that in cr-Lex(%), the pullback of an a-colimit of 
representable functors along a representable morphism is still a strongly 
epimorphic family. Consider thus C = colim Cj and f: D -+ C in %?. Con- 
sider the following diagram, where Pi is obtained by pulling back, L = 
colim Pi, g is the canonical factorization through the colimit and I is its 
image in cc-Lex(V). 
Let us write S for the subpresheaf St+%?-, C) generated by all the 
morphisms (s;)~~~; since the 3,‘s constitute a regular (thus strong) 
epimorphic family, S= V?-, C). The previous diagram shows that 
f ~ ‘(S) E Z, from which the inclusion 
as subobjects of %?-, D). Thus m is an isomorphism and g is a strong 
epimorphism. 
The previous step of the proof generalizes easily to the case of an 
arbitrary morphism fe a-Lex(V). Write F as an cr-filtered colimit F= 
colim +?-, Dj) of representable functors and consider the following 
pullback diagram: 
P or. ,1,, . PiA %(-, Ci) 
*I, , I 
U(-, 0,) 2 
By the first part of the proof, the families (u,,,)~, are strongly epimorphic; 
on the other hand the family (a,), is a colimit cone, thus a strongly 
epimorphic family; therefore, the family (c;)~ is also strongly epimorphic. 
Next consider an arbitrary colimit of representable functors G = 
colim %‘-, Ci) and pull it back along a morphism f: F -+ G in a-Lex(%?). 
Since an arbitrary colimit can be written as an a-filtered colimit of 
a-colimits and since cc-filtered colimits are universal in a-Lex(V), the pre- 
vious step of the proof indicates that the pullback family is again strongly 
epimorphic. 
We can now handle the case of an arbitrary colimit G = colim G, pulled 
back along a morphism f: F + G. Each Gi can be written as an a-filtered 
colimit G,= colim, U(-, Ci, j). For every morphism g: Gi+ Gk in the 
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original diagram and every index j, there exists a factorization G,,i -+ G,,, 
for some index 1. Taking in account all those morphisms, we can write G 
as the colimit G=colim,,i%?-, Ci,i). We know already that the pullbacks 
of the canonical families %‘(, Ci, j) -+ G (previous step of the proof) and 
%?-, C,,) + Gi (a-filtered colimit) are strongly epimorphic families, thus 
the pullback of the canonical family Gi -+ G is strongly epimorphic as well. 
We consider finally a strongly epimorphic family g,: Gi + G and a 
morphism f: F-+ G in cc-Lex(%‘). (gi),E, is by definition the composite of 
the colimit cone si: G, + II G, and a strong epimorphism lt Gi ++ G. The 
beginning of the proof and Proposition 2.1 allow to conclude. 1 
One conclusion of this paragraph will be that the condition in Proposi- 
tion 2.2 is equivalent to the universality of the a-left exact closure 
operation. To prove this, we give a characterization of a-left exactness for 
subpresheaves, which can be handled in the internal logic of the topos @ 
of presheaves. 
In [4], it is proved that the presheaf defined by 
D Lex = (R +, %‘(-, C) ( R E a-Lex(%)) 
is a subobject of Q E@ which classifies exactly the a-left exact sub- 
presheaves of an a-exact presheaf F; thus the characteristic mapping of 
S +* F in @ factors through RLex if and only if S is a-left exact. In par- 
ticular, Sz:,, can be seen as the “object of a-left exact subpresheaves of F”; 
it is clearly a sub-poset of the locale Q’. 
The next result is crucial for the rest of the paper. It expresses, in the 
internal logic of the topos 0, the stability under arbitrary intersections of 
a-left exact subpresheaves. 
PROPOSITION 2.3. When stronly epimorphic families are universal in 
cc-Lex(%‘), for every FE cr-Lex(%?), sZce, is stable in Q” under arbitrary inter- 
sections. 
Proof: For FEELex(%?), consider the morphism n: SZ”‘+ QF. We 
recall its description. Writing Sub to denote the external lattices of 
subobjects, we have, for every XE V, 
n : Sub(%(-, X)X Q”) + Sub&+, X)X F) 
which applies a subobject Rs%‘-, X)x QF on the subobject fix Rc 
%(-, X)x F: 
QR=u {~~~(-,X)XFIVZE~,V(~,S)ER(Z) 
(%‘-, g) x id,))’ (T) c S}. 
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Since TE %(-, X) x F is the union of all its subobjects (f, /I) generated by 
pairs (f, /?) for some f: Y + X and /I E F( Y), it is equivalent to write 
~R(Y)=~(~,B)EV(Y,X)~F(Y)IVZ~~,V(R,S)ER(Z) 
VW, g)xid.)-’ (.f;D>~S). 
The last condition in this definition means that given a commutative 
square in %, 
U”Y 
u 
I I 
f 
h 
z-x 
if (gou, (uxF)-’ (S))ER(U), then (u, F(v)(P))ES(U). 
To prove the announced result, it suffices now to check that, with the 
same notations, when the previous formulas are restricted to a-left exact 
S’s, then fix R is a-left exact as well. Let us thus assume the a-left exact- 
ness of the S’s and consider an cr-colimit Y = colim Yi in %?, with canonical 
injections si. Let us choose a pair (f, p) E%?( Y, X) x F( Y) such that 
for every index i, (fosi, F(s;)(/?))E fi, R( Y,); we must prove that (f, P)E 
nxm. 
With the notations of the beginning of the proof, consider the following 
diagram: 
1 1 
T- %?-, U) d %‘-, Y) 
I 
I 
k 
i 
%(-, U) x Fz %‘-, Y) x F 
UXF 
I 
fXF 
I 
h--4(-,Z)xFz%(-,X)xF, 
where V, and T are obtained by pulling back, k is defined by k”(f) = 
(t, F(t)(P)) and Zis defined by Z,(r)= (4, F(uo<)(a)), for every VIZ+?, Since 
tSt)it I is a strongly epimorphic family, using our assumption and Proposi- 
tion 1.7, we conclude that 93(-, V) = lJic, ui( Vi). But from the definition of 
T and the conditions (fo.ri, F(s~)@))E fix R( Y,), it is easy to show that 
u,(U,)s T. Therefore VIEI ui( Ui) c T and since S is exact, T is exact and 
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finally Uiel ui( Ui) G T, hence T= %‘-, U). This implies id, E T(U), thus 
(u, F(v)(p)) E S(U); hence (f, fi) E n, R( Y) and n, R is a-left exact. [ 
COROLLARY 2.4. Suppose strongly epimorphic families are universal in 
a-Lex(%‘). In the topos @ of presheaves, QLex is stable in 52 under arbitrary 
intersections and the inclusion i: QLex -+ Q has a left adjoint 1: Q + QLex. 
Writing j: 52 + Q for the composite j = io 1, we obtain the next result 
which is a major step to the converse of Proposition 2.2. 
PROPOSITION 2.5. When strongly epimorphic families are universal in 
a-Lex(%), the morphism ,j: R -+ 52 just defined is a topology in the topos %? 
of presheaves. 
Proo$ From the adjunction 1 --I i, we obtain l,(R) = R for every sub- 
object R G %?(, X). Thus j acts just as the a-left exact closure operation 
and therefore the two axioms ,jo true = true and ja j = j are trivially 
satisfied. 
Now if R, SE Q(X), the inclusion R n S G i? n S is obvious as well. To 
prove the converse inclusion, we prove first that given a third subobject 
7-e Q(x), 
RnScT+RnSc$? 
We use the transfinite construction of i? described in Section 1. Since, in 
the topos %?‘, finite intersections distribute over arbitrary unions, it suffices 
to prove that, for every ordinal n, 
Choose t E (R, + , n S)(Z) and consider the following diagram, where Ui is 
the pullback of si along g. 
(SiLG I is a colimit cone, thus using our assumption and Proposition 1.7, 
ujE,u,(Ui)=‘%?-,Z). Take (‘J,/~)EU,(V), with VE%?; we have y: V-Z 
and /?: V+ Yi with siofl=goy. Since fcsiOP=tO+p and f osiER(Yi), we 
deduce t 0 y E R( V). Further, t E S(Z) implies t 0 y E (R n S)( V), hence 
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toy E T(V). From this it follows, for every index i, that ui( Ui) z tp’( T). 
Together with the relation Uie, ui( Vi) = %(-, Z), this implies %7-, Z) = 
t ~ ‘(T) and thus t E T(Z). 
Choosing T= R n S and applying twice the previous relation, we obtain 
the required result. 1 
COROLLARY 2.6. When strongly epimorphic families are universal in 
cc-Lex(w), the a-left exact closure operation is universal. 
ProoJ: Given a subpresheaf SC F of an a-left exact presheaf F, S is 
cl-left exact precisely when its characteristic map cps: F -+ Q factors through 
a Lex . But sincej is a topology with image QLex, this is precisely the charac- 
terization of S being j-closed in F. So the cc-left exact closure operation is 
just thej-closure operation and therefore is universal. 1 
We want next to compare a-Lex(%?) with the topos ofj-sheaves. In view 
of Proposition 1.2, it is first interesting to note that: 
PROPOSITION 2.7. Suppose strongly epimorphic families are universal 
in a-Lex(%‘). A presheaf G on % is j-separated when, for every a-colimit 
C = colim Ci in ‘3, the canonical morphism 
is injective. 
q : G(C) --t lim G( Ci) 
Proof G is j-separated if and only if A : G t* G x G is j-closed, thus if 
and only if =: G x G--f Q factors through s2, = SZLex; this holds precisely 
when { .} : G t+Q” factors through Q&. 
For every J/E% and XE G(X), {x}~ is the subobject of U(-, X)x G 
defined by the following pullback diagram 
T - {x)x- G 
I I I 
A 
+Z-,D)-V(-,X)xG~GxG 
where X corresponds to x by the Yoneda lemma. { .} factors through sZ&, 
precisely when, for D E %?, f E %‘(D, X), and y E G(D), the object T defined 
by the previous pullback diagram is a-left exact (again, j corresponds to y 
by the Yoneda lemma). 
Given an cr-colimit C = colim Cj in V with canonical injections si and an 
object T defined as in the previous paragraph, 
TCi={g;:Ci~DIG(gi)(y)=G(fog,)(x)} 
TC= (8: C+DIG(g)(y)=G(f og)(x)}. 
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T is exact when for every compatible family (gi E TCi),E,, the unique 
factorization g E V( C, D) belongs to TC. This means precisely 
Vi, Wi) G(g)(y) = (33,) G(fo g)(x) =a G(g)(y) = G(fo g)(x) 
which reduces easily to the injectivity of the mappings cp indicated in the 
statement of the proposition. 1 
LEMMA 2.8. When strongly epimorphic families are universal in 
cc-Lex(V), an deft exact subobject of a j-separated object is always j-closed. 
ProoJ Consider a monomorphism Ftt G with F a-left exact and G 
j-separated. The following pullback diagram 
defines the characteristic mapping of Fc G, with XE GA’ and X which 
corresponds to it by the Yoneda lemma. We must prove that each cpX(x) 
is a-left exact. 
If C = colim Ci is an a-colimit in %?, with canonical injections sir choose 
a morphism f: C--f X such that each f osi is in qX(x)(Ci); we must prove 
that f E q(x)(C). Since F is cc-left exact, call y E F(Y) the unique element 
such that for each index i, G(f 0 s[)(x) = F(si). Using Proposition 2.7, we 
conclude that G(f)(x) = y E FC, thus f E q(x)(C). 1 
PROPOSITION 2.9. When strongly epimorphic families are universal in 
x-Lex(%?), every cc-left exact ,functor is a j-sheaf: 
Proof. Take FE cc-Lex(w). F is j-separated by Proposition 2.7 so that 
we have a monomorphism (. } : F t+QEeX, with the object QLe, a j-sheaf. 
So it suffices to note that F is j-closed in Qtk,, which follows from the 
lemma. 1 
a-Lex(%?) is reflective in 9; therefore, under the conditions of the 
previous proposition, a-Lex(V) is reflective in the topos Sh, as well. Let us 
recall that this reflection is an epirepection when the unit of the adjunction 
is an epimorphism, which is equivalent to cc-Lex(%‘) being closed in Shj 
under (strong) subobjects. 
THEOREM 2.10. Given an r-cocomplete small category V, the following 
conditions are equivalent : 
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(1) the deft exact closure operation on subpresheaves of the a-left 
exact presheaves is universal; 
(2) the strongly epimorphic families are universal in a-Lex(%Y); 
(3) the E-left exact closure operation on subpresheaves of the a-left 
exact presheaves is induced by a topology in the topos @?‘; 
(4) the category a-Lex(%?) is epirejlective in a Grothendieck topos. 
Proof We have already proved the equivalence of the first three condi- 
tions. Under these conditions, cc-Lex(%) is thus reflective in Sh, as just 
noted. If S +t F is a subobject in Sh, with F u-left exact, S is j-closed in F 
and thus is a-left exact, since j-closure coincides with a-left exact closure. 
So a-Lex(%?) is epireflective in the Grothendieck topos Sh,. 
Conversely, if a-Lex(%?) is epireflective in a Grothendieck topos 8, the 
corresponding inclusion a-Lex(?Z) s 8 preserves and reflects strongly 
epimorphic families and pullbacks, which allows to conclude. m 
Let us mention that a presheaf F is a j-sheaf precisely when it is 
orthogonal to each crible ((s,)~,,) t+q(-, C) generated by the canonical 
morphisms s, of an cc-colimit C = colim Ci in 97’. Let us insist on the fact 
that this family of cribles is definitely not stable under pullbacks. The proof 
is very technical and will be omitted; the result will not be used later in this 
paper. 
The universality of strongly epimorphic families is a very strong property 
that most algebraic categories do not share; nevertheless it is weaker than 
the universality of colimits. For example the category of pointed sets does 
not have universal colimits since its initial object (the singleton) is not 
strict. But the strongly epimorphic families in the category of pointed sets 
are just the jointly surjective families, so they are universal. 
3. A CHARACTERIZATION THEOREM FOR QUASI-TOPOSES 
The famous Giraud theorem characterizing Grothendieck toposes gives 
as an immediate consequence: 
PROPOSITION 3.1. A category 8 is equivalent to a Grothendieck topos if 
and only tf it satisfies the following conditions: 
(1) B is locally presentable; 
(2) coproducts in & are universal and disjoint; 
(3) in 8, coequalizers of equivalence relations are universal; 
(4) in 6, equivalence relations are effective. 
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We recall that an elementary quasi-topos is a category d which satisfies 
the following conditions: 
(1) d is finitely complete and cocomplete; 
(2) & is Cartesian closed; 
(3) for each object XE 8, the strong partial maps into X have a 
representer. 
The strong monomorphisms in a quasi-topos inherit many of the properties 
of monomorphisms in a topos; in particular there is a strong subobject 
classifier and strong equivalence relations are effective (cf. [ 121). 
If d is a topos and j: Q -+ Q is a topology in 8, the full subcategory 
Sep, of j-separated objects is a quasi-topos, essentially because a 
monomorphism in Sepj is strong precisely when it is j-closed (cf. [ 111). 
We want now to characterize the locally presentable quasi-toposes. We 
need some definitions. 
DEFINITION 3.2. An object Q of a category is quasi-initial when, for 
every other object D of the category, there is at most one arrow from Q 
to D. 
DEFINITION 3.3. A coproduct D = II Di in a category is quasi-disjoint 
when, for every pair (i, j) of distinct indices, the pullback Di x D 0, exists 
and is a quasi initial object. 
PROPOSITION 3.4. In a category with pullbacks and universal coproducts, 
the canonical injections in a coproduct are monomorphisms and coproducts 
are quasi-disjoint. 
ProojI This result has been observed independently by several authors 
and can be found in the preprint [6]. We give the proof in the case of a 
binary coproduct, from which the general case follows immediately. 
Let D = A II B be a coproduct with injections u: A + D, v: B + D and let 
A’ and B’ be the pullbacks of u along u and v, respectively. Universality of 
coproducts implies A r A’ II B’; write u’: A’ + A’ II B’, and v’: B’ -+ 
A’ II B’ for the canonical injections. Diagram chasing shows that u’ is a 
split epimorphism; let us write u” for its section. The pair (1 A,, u” 0 v’) 
factors through A’ lt B’ via a morphism u”‘. From u” 0 u’ = 1 AZ we deduce 
U 
11, c II’ 0 u” = u”, thus u”’ = u” and u’ is an isomorphism. Therefore, u is a 
monomorphism. 
Consider now the pullback Pz A xD B. By the first part of the proof and 
universality of coproducts, we obtain A 2 P lt A, with the identity on A as 
second injection. Given two morphisms h, k: P ZZ$ C, consider the 
coproduct A II C with canonical injections sA, So.. The pairs (s,, , sc 0 h) and 
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c-J,47 SC-0 k) factor through A II P 2 A, necessarily via sA. Thus sc 0 h = sc 0 k 
and h = k, since sc is a monomorphism. 1 
We prove now the main result of this section. 
THEOREM 3.5. A category 8 is equivalent to the category of separated 
objects for a topology in a Grothendieck topos if and only if, 
(1) d is locally presentable 
(2) in 8, colimits are universal; 
(3) in 8, strong equivalence relations are effective. 
Proof. The necessity of the conditions is well known. To prove the con- 
ditions are sufficient, let us write d E cx-Lex(V) for some regular cardinal a 
and some cr-cocomplete category 6%‘. 
Since coequalizers in 8 are universal, & is a regular category. This forces 
the coincidence between strong and regular epimorphisms in &. Thus 
strong epimorphisms as well as coproducts (condition 2) are universal in 8. 
Just by definition, this implies the universality of strongly epimorphic 
families in 8. Therefore, we are in the situation of Section 2 and, using the 
notations of this paragraph, we can view a-Lex(%?) as an epireflective 
subcategory of the topos Sh, of j-sheaves (cf. Theorem 2.10). 
Next, the universality of pushouts in a-Lex(%‘) implies that of 
epimorphisms; combining this with the universality of coproducts, we 
conclude that epimorphic families are universal in cr-Lex(%?). Therefore, we 
obtain a topology on %7 by choosing as covering cribles those R t-+5$‘-, C) 
such that {f E R(D) 1 DE%‘} is an epimorphic family in cc-Lex(%?). This 
gives a topology k: Q + R in @ finer than the topology j: Q + Q, con- 
structed from the strongly epimorphic families in %‘. Thus Q2, c Q, and the 
topology k restricts to a topology k: R, + Qj; it is to that topology k in Sh, 
that we shall now refer. We shall prove that brcx-Lex(%?) is equivalent to 
the quasi-topos Sep, of k-separated objects in the topos Sh,. 
By definition of the topology k, we have already that each a-left exact 
functor is k-separated. To prove the converse, consider GE Sep, and an 
cc-colimit Y= colim Y, in GK. Choosing a compatible family (xie G( Yi));,, 
along the corresponding diagram, we must find a unique glueing x E G(Y). 
Let us write ((s~)~~,) for the crible generated by the canonical injections 
s, of the a-colimit; this is a j-covering crible. If we can produce a natural 
transformation p: ((s,)~~,) *G such that py,(si) = xi, we are done. 
Indeed, G being a j-sheaf, the unique extension V(-, Y) =$ G will produce, 
via the Yoneda lemma, the required element x E G(Y). 
The definition of /I is imposed. For Z E +?, an element f E ( (sj) is ,)(Z) 
has the form sio g for some index i and some morphism g: Z --t Yi. We 
must define pZ(f) = G(g)(x,). The naturality of that construction will be 
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obvious if we can prove that the definition of p does not depend on the 
choices of i and g. This will be achieved if we prove that the following 
diagram is commutative. 
-- 
where the inner square is a pullback and x,, xj correspond to xi, xi by the 
Yoneda lemma. Using this technique, we shall prove separately that 
G E Sep, preserves a-coproducts and coequalizers. 
The case of coproducts is easy. If i= j, then u, = v, since si= sJ is a 
monomorphism (cf. Proposition 3.4). If i#j, then P,,j is quasi-initial in 
a-Lex(g) (cf. Proposition 3.4), from which it follows easily that P,,, is also 
quasi-initial in Sep, (cf. Lemma 3.7). 
Now let s2: Y, --+ Y be the coequalizer of the pair f, g: Y, i Y, in V. 
The compatibility of the family (x1, x2) means G(f)(x2) = xi = G(g)(x,), 
thus finally Kof=To g. It suffices to prove that ‘;x;o u2 =X,0 v2, where 
(U,? v2) is the kernel pair of s2. But from s2 = Coker(f, g) in a-Lex(%‘) we 
deduce s2 = Coker(f, g) in Sep, (Lemma 3.8). Therefore F factors through 
s2 and thus coequalizes (u,, vZ). 1 
We prove now the lemmas referred to in the previous proof. 
LEMMA 3.6. When colimits are universal in a-Lex(V), the inclusion 
i: a-Lex(%?) E Sep, preserves both epimorphisms and regular epimorphisms. 
Proof: If f: F-t+ G is an epimorphism in cc-Lex(%‘), write G as an 
cc-filtered colimit G = colim %?-, Ci) and pull f back along the canonical 
injections to obtain by universality of colimits, epimorphisms 
fi: F, tt V?-, Ci) in cx-Lex(V). The inclusion a-Lex(%) G $? preserves filtered 
colimits, thus so does the inclusion cc-Lex(%?) z Sep,. By universality of 
colimits in cc-Lex(%), we can thus write f as a filtered colimit f = colim fi 
both in a-Lex(%‘) and in Sep,. It suffices now to note that each f, is still 
an epimorphism in Sep k: this is just because the crible generated by f, is 
k-covering. 
Now if f is a regular epimorphism in cr-Lex(V), let us consider in Sep, 
its factorization f = m 0 p, where p is a regular epimorphism and m is a 
monomorphism. Since a-Lex(Q?) is epireflective in Sh, (cf. Theorem 2.10), m 
481;139:2-17 
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is in tx-Lex(%?) and therefore is an isomorphism (monomorphism and 
regular epimorphism). Thus ,f is a regular epimorphism in Sep,. 1 
LEMMA 3.7. When colimits are universal in a-Lex(%), the inclusion 
i: cr-Lex(%?) E Sep, preserves quasi-initial objects. 
Proof: By universality of colimits, the initial object 0 of 59’ is strict; 
therefore %(C, 0) is empty or a singleton, for each C E %‘, and %?-, 0) is 
certainly k-separated. Thus i preserves the initial object. 
In a category with initial object 0, an object Q is quasi-initial when the 
unique morphism 0 + Q is an epimorphism. i preserves quasi-initial objects 
since it preserves both initial objects and epimorphisms (Lemma 3.6). 1 
LEMMA 3.8. When colimits are universal in a-Lex(%) and strong 
equivalence relations are effective, the inclusion i: a-Lex(V) G Sep, preserves 
coequalizers of representable pairs. 
Proof: i preserves regular epimorphisms (Lemma 3.6) and kernel pairs; 
since a regular epimorphism is the coequalizer of its kernel pair, i preserves 
already coequalizers of kernel pairs. 
Consider now an arbitrary pair A g: X: Y in %? and its coequalizer 
q: Y+ Q. Write q’ : %‘-, Y) -P Q’ for the coequalizer of (f, g) in Sep,, 
(u, v): FEI$ %‘(-, Y) for the kernel pair of q in !x-Lex(%) and (I, m): 
G i %?-, Y) for the kernel pair of q’ in Sep,. G t, %(-, Y) x %(-, Y) is 
a strong subobject in Sep, since, in a quasi-topos, every kernel pair is 
strong. Because a-Lex(%‘) is epireflective in Sh,, G is left exact and since i 
preserves epimorphisms, Q is a strong subobject of %‘(, Y) x V?(, Y) in 
a-Lex(%) as well. Write q” for the coequalizer of (I, m) in x-Lex(‘#); since 
strong equivalence relations are effective in cr-Lex(%?), (I, m) is the 
kernel pair of q” in cc-Lex(%‘). By the first part of the proof, q” is also the 
coequalizer of (1, m) in Sep,, thus q” r q’ and q’ is in cc-Lex(%??). This 
implies q 2 q’. 1 
It is an immediate consequence of the special adjoint functor theorem 
that a cocontinuous functor between locally presentable categories has a 
right adjoint. In particular, given a locally presentable category (is”, 8 is car- 
tesian closed when the Cartesian product preserves colimits. Let us recall 
that d is locally Cartesian closed when the category &/X is Cartesian closed 
for every object XE 8. For a locally presentable category, the construction 
of products and colimits in &/A’, combined with the previous remark, 
shows that 8 is locally Cartesian closed precisely when colimits are univer- 
sal. We can therefore express Theorem 3.5 in a slightly different form: 
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THEOREM 3.9. The following conditions on a category 8’ are equivalent: 
(1) 8 is the category of separated objects for a topology in a Grothen- 
dieck topos; 
(2) & is a locally presentable quasi-topos; 
(3) d is a locally presentable locally Cartesian closed category in which 
strong equivalence relations are effective. 
The previous theorem makes it sensible to introduce the following 
definition: 
DEFINITION 3.10. A category which satisfies the conditions of the 
previous theorem will be called a Grothendieck quasi-topos. 
To conclude this section, let us indicate that some classical technicalities 
allow a slight improvement of Theorem 3.5. 
First of all, instead of requiring the existence and universality of all 
colimits, it is sufficient to require the existence of finite limits and the 
existence and universality of coproducts and of coequalizers of equivalence 
relations, as shown by the classical construction (cf. [3]) of the equivalence 
relation on G generated by a pair f, g: F: G. 
Second, it suffices to require the existence of a family of strong 
generators, without requiring them to have a rank. It is then necessary to 
complete this family under finite limits before starting a proof which 
mimics that of the classical Giraud theorem. 
Third, the assumption that strong equivalence relations are effective can 
be replaced by the assumption that equivalence relations are quasi-effective. 
This means that the inclusion of an equivalence relation in the kernel pair 
of its coequalizer is epimorphic. 
4. SOLVING AN OPEN PROBLEM 
At the Oberwolfach meeting in 1979, R. Street presented the notion of a 
Gabriel theory. Such a theory is obtained by giving a small category %? and, 
for each object CE %?, a pullback stable family of natural transformations 
R a%‘(, C). The category of models for such a theory is that of those 
presheaves on % orthogonal to all the given natural transformations. When 
all those chosen natural transformations are monomorphic, we recapture 
exactly the Grothendieck toposes as categories of models. In general, 
R. Street has characterized the categories of models for a Gabriel theory 
as being exactly the locally presentable locally Cartesian closed categories 
(cf. [ 131). 
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P. Johnstone and M. Tierney noted that all the examples of categories of 
models for a Gabriel theory, produced by R. Street, were quasi-toposes. So 
the question was raised of whether a locally presentable category is a quasi- 
topos precisely when it is locally Cartesian closed. Some first interesting 
observations led P. Johnstone to think this could possibly be the case; 
R. Street believed that the result had been proved and referred to it in a 
footnote in his paper [13]. More recently, P. Johnstone came back to the 
problem and underlined both its interest and the necessity of still proving 
it. We want now to solve that open problem by disproving the “conjecture” 
(?) and show the actual necessity of condition (3) in Theorem 3.5 (effective- 
ness of strong equivalence relations). 
Two counter-examples have been constructed independently in June 
1989. The first one is due to J. Adamek and J. Rosicky. Consider first the 
category d of sets provided with a reflexive binary relation, and mappings 
preserving that relation. Limits in & are computed in the obvious way. 
Coproducts in d are just disjoint unions, both at the level of underlying 
sets and at the level of relations. A coequalizer in d is computed like in 
Sets as far as the underlying sets are concerned; if p: A --t Q is the corre- 
sponding quotient mapping, the pair ([xl, [y]) is in relation in Q 
precisely when there exist x’ E [x] and y’ E [y] with (x, y) in relation in A. 
It is then an obvious matter to check that colimits in & are universal. On 
the other hand & is locally presentable since the unique axiom on the 
unique relation R of the representation of the theory has the form 
+ true * xRx. 
In fact, it can even be checked that & is a quasi-topos. 
Now consider 628 c d the full subcategory of those sets provided with a 
reflexive binary relation R which satisfies the axioms 
(x,Rx,) A (xzRxl)-(x, =x,) A (x2=x,) 
(x,Rx,) A (x,Rx,) A (x3Rx,)a(x,=x2) A (x,=x3) A (x,=x,) 
and so on for every natural number n 
(x,Rx,) A ... A (x,,Rx,)a(x1=X2) A ... A (X,,=X1). 
Again B is locally presentable. We shall prove that B is locally Cartesian 
closed, but is not a quasi-topos. 
In fact, g is reflective in &‘, but we can say more. An object BE g is the 
reflection of the object A E& with canonical reflector f: A + B when f is 
surjective and has the property that f(u) = f(d), for elements a, a’ E A, 
exactly when a and a’ belong to a cyclic path in A (by cyclic path, we mean 
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a finite sequence (x,, . . . . x,) of elements such that xi Rx,, . . . . x,Rx,). The 
details are straightforward and left to the reader. 
Now the interesting fact is that such a reflection morphism f: A + B, 
when pulled back along any morphism g: B’ + B in 99, produces obviously 
another morphism f': A’ -+ B’ with the same properties. Thus B’ is the 
reflection of A’ with reflector f'. Since colimits in 98 are just the 
g-reflection of colimits in d, the universality of colimits in d together 
with the previous observation implies the universality of colimits in B. 
Next consider the two g-objects (A, R) and (B, S), where A = {0,2}, 
B= (0, 1,2} and 
R= ((0, O), (2,2,> 
s= (02 01, (1, 11, (2, 21, (0, 11, (1, 2,>. 
The inclusion (A, R) G (B, S) is a strong monomorphism in 98. If 98 is a 
quasi-topos, there must exist a classifying pullback diagram 
(4 S) ‘p (a T) 
We must have ~(0) = true = ~(2) and ~(1) #true. But since cp is a 
&morphism, we have also 
(0, l)ES*(true, q(l))E T 
(1, ~)ES*((P(~), true)E T 
which is a contradiction, since T may not contain any cyclic path. 
Our second example is more conceptual and is inspired by the existence 
of non-standard models of arithmetic. We assume the existence of 
inacessible cardinals and use the notations of Sections 1-3 of this paper. 
We choose now our category %? to be an elementary topos with Natural 
Number Object, % being small with respect to our universe of sets. We 
consider the category Lex(V) of left exact contravariant presheaves on %?, 
which is thus locally finitely presentable. 
PROPOSITION 4.1. When %? is an elementary topos, Lex($?) is a locally 
presentable locally Cartesian closed category, 
Proof In fact, we shall just use the universality of finite colimits in 59, 
which implies the universality in Lex($?) of finite colimits of representable 
functors, along representable morphisms. 
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Now choose a finite colimit C = colim Ci in V and an arbitrary 
morphism f: F-+ ‘$-, C) in Lex(V). Writing F as a filtered colimit F= 
colim %?-, X,) of representable functors, we can consider the following 
pullback diagram 
pi, I- 
1; Pi- %(-, Ci) 
We know already that each P,,j is representable and, for every index j, 
V(-, X,) = colimi Pi, j. On the other hand, since filtered colimits are univer- 
sal, Pi = colim, Pi,j. By a diagram chasing argument, one concludes that 
F= colim, Pi. 
Next consider in Lex(%) an arbitrary colimit G =colim %‘(, C;) of 
representable functors. This colimit can be written as the filtered colimit of 
all the partial colimits on all the finite subdiagrams. Since a finite colimit 
of representable functors in Lex(%?) is again representable (and thus univer- 
sal) and since arbitrary filtered colimits are universal in Lex(%‘), we can 
conclude that in Lex(%‘), arbitrary colimits of representable functors are 
universal. 
Finally, take an arbitrary colimit G = colim G, in Lex(V) and write each 
G, as a filtered colimit Gi = colimj %‘-, C,.,) of representable functors. For 
every morphism U: Gj -+ Gk in the original diagram and every index j, there 
exists an index 1 and a factorization v 
@(-, cj, j). “. ,+V(-, C/d) 
I I 
Gi u + G, 
just because %‘-, C,,,) is finitely presentable. From this one concludes 
easily that G is also the colimit of the diagram constituted of all the 
original partial diagrams V(-, Ci,i)i, j augmented by all the factorizations v 
just indicated. We already know this global colimit to be universal, as well 
as each partial colimit G, = colim, U(-, C,j); from this, by a classical 
diagram chasing argument, one deduces easily the universality of the 
original colimit G = colim G,. 1 
PROPOSITION 4.2. When 95 is an elementary topos, every monomorphism 
in Lex(%?) is regular. 
Proof We know from [8, 7.121, that a filtered colimit of regular 
A CHARACTERIZATIONOF QUASI-TOPOSES 525 
monomorphisms is a regular monomorphism. So it suffices to prove the 
result for a subobject s: S t+ %‘(, C) of a representable functor. 
Write S as a filtered colimit S = colim V(-, Ci) of representable functors 
and consider, for every index i, the following diagram in Lex(9?) 
VT-, C,) % 2?-, Ii) 
)i 
I 
_” 
,, .’ :’ 
I 
wc-,uo 
y..’ 
s A V(-, C) 
where uio pi is the image factorization of the morphism of %? representing 
the composite sosi. In particular, %‘-, ui) is a regular monomorphism and 
V(-, pi) is a regular epimorphism in Lex(%‘), since so are ui and pi in %? (cf. 
Proposition 1.1). By the image property in Lex(%?), we obtain the factoriza- 
tion ti. 
Since the morphisms %‘-, pi) are epimorphic, S can still be written as 
the filtered colimit S= colim Q?(, Zi). So s is the filtered colimit of the 
regular monomorphisms %?-, u,), thus s is a regular monomorphism. 1 
COROLLARY 4.3. When %? is an elementary topos, Lex(%‘) is a topos if 
and only if it is a quasi-topos. 
PROPOSITION 4.4. Let V be an elementary topos with Natural Number 
Object. If Lex(‘Z) is a quasi-topos, the arithmetic of the topos 97 is standard. 
Proof: In those conditions, we know already that Lex(%‘) is a locally 
presentable topos (cf. Corollary 4.3), thus a Grothendieck topos. The 
Yoneda embedding %’ + Lex(%) preserves finite limits and finite colimits 
(cf. Proposition 1.1) thus it preserves the Natural Number Object (cf. [7]). 
Since Lex(%) is a Grothendieck topos, the global elements of N E%? c 
Lex(%?) constitute an epimorphic family in Lex(%‘), thus certainly in %‘. 
Therefore the topos %? is N-standard in the sense of P. Freyd (cf. [7]). 1 
COROLLARY 4.5. When %? is an elementary topos with non-standard 
Natural Number Object, the category Lex(O) is locally presentable locally 
Cartesian closed, hut is not a quasi-topos. 
We recall that P. Freyd has proved in [7] the existence of toposes with 
a non-standard arithmetic, using the classical ultraproduct construction. 
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